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1 Âàðèàíòû êðàåâûõ çàäà÷

1.1 Öèëèíäðè÷åñêàÿ ñèñòåìà êîîðäèíàò

Ðåøàåòñÿ óðàâíåíèå
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= f(r, z)

ïðè r0 < r < R, 0 < z < Z, ñ ïîñòîÿííûìè êîýôôèöèåíòàìè a > 0, b > 0. Çäåñü r0 > 0.
Ñòàâèòñÿ îäíî èç ñëåäóþùèõ êðàåâûõ óñëîâèé íà ëåâîé ãðàíèöå

u(r0, z) = g0(z) (óñëîâèå Äèðèõëå),

−a2∂u
∂r

(r0, z) = q0(z) (óñëîâèå Íåéìàíà),

−a2∂u
∂r

(r0, z) + α0u(r0, z) = q0(z) (óñëîâèå Ðîáèíà)

è îäíî èç ñëåäóþùèõ êðàåâûõ óñëîâèé íà ïðàâîé ãðàíèöå

u(R, z) = g1(z) (óñëîâèå Äèðèõëå),

a2
∂u

∂r
(R, z) = q1(z) (óñëîâèå Íåéìàíà),

a2
∂u

∂r
(R, z) + α1u(R, z) = q1(z) (óñëîâèå Ðîáèíà)

ïðè 0 < z < Z, ñ ïîñòîÿííûìè êîýôôèöèåíòàìè α0 > 0, α1 > 0.
Ñòàâèòñÿ òàêæå îäíî èç ñëåäóþùèõ êðàåâûõ óñëîâèé íà íèæíåé ãðàíèöå

u(r, 0) = g2(r) (óñëîâèå Äèðèõëå),

−b2∂u
∂z

(r, 0) = q2(r) (óñëîâèå Íåéìàíà),

−b2∂u
∂z

(r, 0) + α2u(r, 0) = q3(r) (óñëîâèå Ðîáèíà)

è îäíî èç ñëåäóþùèõ êðàåâûõ óñëîâèé íà âåðõíåé ãðàíèöå

u(r, Z) = g3(r) (óñëîâèå Äèðèõëå),

b2
∂u

∂z
(r, Z) = q3(r) (óñëîâèå Íåéìàíà),

b2
∂u

∂z
(r, Z) + α3u(r, Z) = q3(r) (óñëîâèå Ðîáèíà)

ïðè r0 < r < R, ñ ïîñòîÿííûìè êîýôôèöèåíòàìè α2 > 0, α3 > 0.
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2 Ðàçíîñòíàÿ ñõåìà

Ðàññìàòðèâàåòñÿ íåðàâíîìåðíàÿ ñåòêà ïî r íà [r0, R] ñ óçëàìè ri = r0 + p(i/N)(R − r0),
0 6 i 6 N è øàãàìè hri = ri − ri−1 è ðàâíîìåðíàÿ ñåòêà ïî z íà [0, Z] ñ óçëàìè zj = jhz,
0 6 j 6 M è øàãîì hz = Z/M . Çäåñü p � çàäàííàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ óçëîâ,
âîçðàñòàþùàÿ íà [0, 1] è òàêàÿ, ÷òî p(0) = 1, p(1) = 1.

Ïîëîæèì r̃i = (ri−1 + ri)/2 ïðè 1 6 i 6 N è ĥri = (hri + hr(i+1))/2 ïðè 1 6 i 6 N − 1.
Ââåäåì ðàçíîñòíûå îïåðàòîðû

∂rwij :=
w(i+1)j − wij

hr(i+1)

, ∂̄rwij :=
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hri
,
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1

ĥri

(
r̃i+1

w(i+1)j − wij
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− r̃i
wij − w(i−1)j
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)
è

∂zwij :=
wi(j+1) − wij

hz
, ∂̄zwij :=

wij − wi(j−1)

hz
,

Lzhwij := b2
wi(j+1) − 2wij + wi(j−1)

h2z
.

Äèôôåðåíöèàëüíîå óðàâíåíèå àïïðîêñèìèðóåì òàê

−(Lrhv)ij − (Lzhv)ij = f(ri, zj), 1 6 i 6 N − 1, 1 6 j 6M − 1. (1)

1. Àïïðîêñèìàöèÿ êðàåâûõ óñëîâèé Äèðèõëå èìååò âèä: íà ëåâîé è ïðàâîé ãðàíèöàõ

v0j = g0(zj), vNj = g1(zj), 0 6 j 6M,

íà íèæíåé è âåðõíåé ãðàíèöàõ

vi0 = g2(ri), viM = g3(ri), 0 6 i 6 N.

2. Àïïðîêñèìàöèÿ êðàåâîãî óñëîâèÿ Ðîáèíà íà ëåâîé ãðàíèöå èìååò âèä

−a
2r̃1
r0

∂rv0j + α0v0j −
hr1
2

(Lzhv)0j = q0(zj) +
hr1
2
f(r0, zj), 1 6 j 6M − 1, (2)

à íà ïðàâîé ãðàíèöå � âèä

a2r̃N
R

∂̄rvNj + α1vNj −
hrN

2
(Lzhv)Nj = q1(zj) +

hrN
2
f(R, zj), 1 6 j 6M − 1. (3)

Àïïðîêñèìàöèÿ êðàåâîãî óñëîâèÿ Íåéìàíà ïîëó÷àåòñÿ èç óêàçàííûõ ïðè α0 = 0, α1 = 0.

3. Àïïðîêñèìàöèÿ êðàåâîãî óñëîâèÿ Ðîáèíà íà íèæíåé ãðàíèöå èìååò âèä

−b2∂zvi0 + α2vi0 −
hz
2

(Lrhv)i0 = q2(ri) +
hz
2
f(ri, 0), 1 6 i 6 N − 1, (4)
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à íà âåðõíåé ãðàíèöå � âèä

b2∂̄zviM + α3viM − hz
2

(Lrhv)iM = q3(ri) +
hz
2
f(ri, Z), 1 6 i 6 N − 1. (5)

Àïïðîêñèìàöèÿ êðàåâîãî óñëîâèÿ Íåéìàíà ïîëó÷àåòñÿ èç óêàçàííûõ ïðè α2 = 0, α3 = 0.

Äëÿ ñèììåòðèçàöèè ìàòðèöû ñèñòåìû ïðè ïðèìåíåíèè èòåðàöèîííûõ ìåòîäîâ ñ ïî-
ñòîÿííûì ïàðàìåòðîì, ñêîðåéøåãî ñïóñêà (îáà âàðèàíòà), ìèíèìàëüíûõ íåâÿçîê (îáà âà-
ðèàíòà) óðàâíåíèÿ (1)-(5) ñëåäóåò óìíîæèòü ñîîòâåòñòâåííî íà ìíîæèòåëè

riĥri, r0, R, ri
ĥri
hz
, ri

ĥri
hz

(ïðîâåðèòü ýòî).

3


