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1. Äëÿ çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Ëàïëàñà äîêàçàòü
ñâîéñòâî ïîëîæèòåëüíîñòè ñîáñòâåííûõ çíà÷åíèé â ñëó÷àå 1-ãî è 3-ãî
êðàåâûõ óñëîâèé è èõ íåîòðèöàòåëüíîñòè â ñëó÷àå 2-ãî êðàåâîãî óñëîâèÿ.

2. Äàòü ïîäðîáíûé âûâîä ðàçëîæåíèÿ â îáîáùåííûé ñòåïåííîé ðÿä ôóíê-
öèè Áåññåëÿ J−ν(x), ν > 0:

à) ïðè ν, íå ÿâëÿþùåìñÿ íàòóðàëüíûì ÷èñëîì;

á) ïðè íàòóðàëüíîì ν.

3. Äîêàçàòü ôîðìóëó J−n(x) = (−1)nJn(x) ïðè íàòóðàëüíîì n.

4. Äîêàçàòü ðåêóððåíòíóþ ôîðìóëó

d

dx
[xνJν(x)] = xνJν−1(x), ν > 0.

5. Ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ ðåøèòü çàäà÷ó íà ñîáñòâåííûå çíà÷å-
íèÿ äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå â ïîëÿðíûõ êîîðäèíàòàõ

−∆u(r, ϕ) = λu(r, ϕ) ïðè 0 < r < R, 0 6 ϕ < 2π,

u(R,ϕ) = 0 ïðè 0 6 ϕ < 2π.

Ïîäñ÷èòàòü èíòåãðàëû îò êâàäðàòà ñîáñòâåííûõ ôóíêöèé ïî ýòîìó êðó-
ãó.

Óêàçàíèå. Èñïîëüçîâàòü ôóíêöèè Áåññåëÿ.

6. Çàïèñàòü ðåøåíèå äâóìåðíîé êðàåâîé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ
Ïóàññîíà â êðóãå â ïîëÿðíûõ êîîðäèíàòàõ

−∆u(r, ϕ) = r cos2 ϕ ïðè 0 < r < R, 0 6 ϕ < 2π,

u(R,ϕ) = 0 ïðè 0 6 ϕ < 2π,

â âèäå ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì ñîîòâåòñòâóþùåé çàäà÷è íà ñîá-
ñòâåííûå çíà÷åíèÿ.
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