
Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè

Çàäàíèå 9

1. Ðàññìîòðåòü çàäà÷ó Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
− a2∆u = 0 â Rn × R+, u(x, 0) = u0(x) â Rn (1)

â ñëó÷àå íà÷àëüíîé ôóíêöèè âèäà u0(x1, . . . , xn) = u
(1)
0 (x1) . . . u

(n)
0 (xn),

ãäå u
(1)
0 , . . . , u

(n)
0 ∈ Cb(R). Óáåäèòüñÿ, ÷òî òîãäà

u(x1, . . . , xn, t) = u(1)(x1, t) . . . u
(n)(xn, t),

ãäå u(i) � ðåøåíèå ñîîòâåòñòâóþùåé îäíîìåðíîé çàäà÷è Êîøè (1 6 i 6 n)

∂u(i)

∂t
− a2∂

2u(i)

∂x2i
= 0 â R× R+, u(i)(xi, 0) = u

(i)
0 (xi) íà R.

2. Ðàññìîòðåòü íà÷àëüíî�êðàåâóþ çàäà÷ó äëÿ ïðîñòðàíñòâåííî îäíîìåðíî-
ãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
− a2∂

2u

∂x2
= f(x, t) â QT = (0, X)× (0, T ],

u(0, t) = 0,

(
∂u

∂x
+ σu

)
(X, t) = 0 íà (0, T ],

u(x, 0) = u0(x) íà [0, X],

ãäå σ = const > 0. Âûïèñàòü åå ðåøåíèå â âèäå ðÿäà ìåòîäîì ðàçäåëåíèÿ
ïåðåìåííûõ.

3. Íà÷àëüíî�êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ îäíîðîä-
íûì êðàåâûì óñëîâèåì Íåéìàíà èìååò âèä

∂u

∂t
− a2∆u = f(x, t) â QT = Ω× (0, T ], (2)

∂u

∂ν
(x, t) = 0 íà ΓT = ∂Ω× (0, T ], (3)

u(x, 0) = u0(x) íà Ω̄, (4)

ãäå Ω � îãðàíè÷åííàÿ îáëàñòü â Rn, ν � íîðìàëü ê ∂Ω. Âûïèñàòü åå
ðåøåíèå â âèäå ðÿäà ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ äëÿ ñëó÷àÿ, êîãäà
Ω � êðóã ðàäèóñà R ñ öåíòðîì â 0.
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4. Çàäà÷à Êîøè äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû èìååò âèä: íàéòè u ∈
C2(Π̄T ) òàêóþ, ÷òî

∂2u

∂t2
− a2∂

2u

∂x2
= f(x, t) ïðè (x, t) ∈ ΠT := R× (0, T ],

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = v(x) ïðè x ∈ R.

Â ïðåäïîëîæåíèè, ÷òî

u0 6 u0(x) 6 ū0, v 6 v(x) 6 v̄, f 6 f(x, t) 6 f̄ , (x, t) ∈ Π̄T ,

ïîëó÷èòü ðàâíîìåðíóþ äâóñòîðîííþþ îöåíêó u(x, t) â Π̄T .

5. Ðàññìîòðåòü ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû ñ
êîýôôèöèåíòîì a = 1, âûðàæåííîå ôîðìóëîé Äàëàìáåðà, â ñëó÷àå

f = 0, u0 = 0, v(x) = 1 ïðè |x| 6 1, v(x) = 0 ïðè |x| > 1.

à) Ïîñòðîèòü ðåøåíèå ãðàôè÷åñêè äëÿ õàðàêòåðíûõ ìîìåíòîâ âðåìåíè.

Óêàçàíèå. Èñïîëüçîâàòü ôîðìóëó
x+at∫
x−at

v(s) ds = V (x + at) − V (x − at),

ãäå V (x) =
x∫
0

v(s) ds.

á) Âûïèñàòü ðåøåíèå â àíàëèòè÷åñêîì âèäå è ïîñòðîèòü åãî ïðîñòðàíñòâåííî�
âðåìåííîé ãðàôèê â ïîëóïëîñêîñòè (x, t) ∈ R× R̄+.
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